We introduce an equity-credit portfolio framework taking into account the structural interaction of market and credit risk, along with their systemic dependencies. We derive an explicit expression for the optimal investment strategy in stocks and credit default swaps (CDSs). We exploit its representation structure and analyze the mechanisms driving the optimal investment decisions. The transmission of market risk premia is the key mechanism through which systemic influences affect the optimal investment strategy. We develop a novel calibration procedure and find that systemic dependencies are statistically significant when the model is fitted to historical time series of equity and CDS data.
Introduction
The dynamic equity portfolio selection problem, originating from the seminal work of Merton (1969) , has been subject of considerable investigation. Significant developments include the impact of trading constraints (see Cvitanić (2001) for a survey), the assessment of robustness against model misspecification as in Anderson et al. (2000) (see also Hansen et al. (2006) for a survey), and the effect of transaction costs as in the early work of Perold (1984) who consider a broad class of portfolio models, and the subsequent study of Liu (2007) for a stock portfolio.
In recent years, credit default swaps (CDSs) have been increasingly used by investors to trade on the credit quality of corporations or sovereign entities. This is because they are easier and quicker to 1 trade than the risky bonds they are tied to. 1 For instance, an investor can implement a short credit position by buying protection through a credit swap. The investor pays a running spread premium and receives compensation for the loss at default. This is preferred to shorting a bond via a reverse repo transaction and sale. Despite the growing importance of portfolio credit derivatives strategies, to the best of our knowledge most of the studies have so far focused on risky bond portfolio problems. These include the works of of Wise and Bhansali (2002) who consider a structural default model, and of Kraft and Steffensen (2009) who account for default contagion and bankruptcy procedures. There have only been very few studies focusing on optimal credit swap allocation. These include Giesecke et al. (2014) , who solve the static selection problem for a portfolio of credit swaps taking solvency, capital, and other trading constraints into account, and Bo and Capponi (2014) , who consider a portfolio framework where a risk-averse investor can dynamically select his optimal CDS investment strategy.
The above surveyed literature has considered either stock or fixed-income securities, but never the two simultaneously. This stands in contrast with the behavior of leading market players, who often implement mixed equity-credit strategies. 2 Moreover, the recent financial crisis has shown that these two types of risk can reinforce each other and underlined the need of an integrated risk management framework.
Our study is the first to analyze the mechanisms through which the economic-wide interaction of market and credit risk affects the optimal mixed portfolio strategy of a rational investor. Previous studies have mainly focused on joint valuation of credit and equity derivatives. Mendoza et al. (2010) use time-changed processes to simultaneously price equity and credit derivatives of a given firm. Linetsky (2006) solves in closed form an extended Black-Scholes framework inclusive of bankruptcy. Mendoza and Linetsky (2014) develop a multi-name credit-equity model to compute no-arbitrage prices of contingent claims written on stocks using multivariate subordination.
Our model is rich enough to incorporate the most significant factors affecting default risk of a company identified by empirical research. These include (1) the performance of market, econometric and balance sheet variables, and (2) contagion effects manifested when other companies default or experience other severe financial distress. The dependence of the default intensity of a company on market information such as the company's own stock price or a stock market index captures the interaction between market and credit risk. Macroeconomic indicators, such as interest rates or the gross domestic product, affect the credit quality of a portfolio; for instance, a rise in interest rates increases the costs of corporate financing, decreasing the market value of assets, and hence leading to a deterioration in the credit quality of the portfolio. The influence of other defaults on the credit risk of a specific company captures the systemic dependencies. This leads to two main channels of dependence between the price processes of the stocks in the portfolio. The first is via market risk, as in classical multidimensional default-free stock market models. The second is via systemic dependencies, as the default risk of each stock depends on the values and default states of other stocks in the portfolio.
We next list our two main contributions. The first contribution is to derive explicit representations for the optimal investment strategies. These depend on the underlying model parameters and on the sensitivity of CDS prices to price changes of the stocks. Despite the complex dependence structure of market and credit risk factors, we are able to recast the optimization problem as a linear system of equations, whose solution is the vector of optimal strategies. The dynamic interaction of market and credit risk leads to a structural form for the optimal mixed strategy which substantially differs from the case when equity and credit markets are treated separately. For instance, it is well known that logarithmic investors are myopic in the equity market; see, for instance, Section 2.3.3 in Brandt (2010) . This is no longer the case in our model. Our optimal portfolio allocations depend in a nontrivial manner on the sensitivities of CDS prices to market risk (change in portfolio stock prices) and to credit risk (default of a portfolio name). This means that the optimal strategy has a crucial forward-looking component coming from these price sensitivities, so that it cannot be only estimated on the basis of historical data, such as expected returns, variances, and covariances of the available securities. As a result, portfolio managers interested in fixed-income investments need to consider a different estimation procedure than that used in the context of equity investment. In addition to current prices, they need to consider price sensitivities of fixed-income securities when computing the optimal investment strategies. The computation of these price sensitivities requires simulating the future paths of default intensities via efficient Monte-Carlo methods, taking into account systemic effects. We identify two key mechanisms driving the investment decisions. The equity and default risk premia are first subject to an amplification depending on the risk structure of the portfolio universe. The aggregate portfolio amplification is then transmitted via the sensitivity matrix to the investment strategy in the CDS of any individual company, and referred to as its systemic influence.
The second main contribution is, to the best of our knowledge, the first calibration algorithm of a hybrid equity-credit model accounting for systemic dependencies. The calibration is based on an iterative procedure which initially assumes the absence of systemic risk and then refines the model by incorporating the spreading consequences of defaults. Our iterative approach presents some similarities with the fictitious default algorithm by Eisenberg and Noe (2001) , which recovers the unique clearing payment vector in an interbanking system starting from the assumption that all banks are sound and then progressively eliminating banks that become insolvent as a result of the failures of others. Using empirical data and the calibrated model, we show that systemic dependencies are significant for most companies in the Dow Jones Industrial Average 30 (DJIA). Tracking 30 large US companies, the DJIA reflects a broad overview of the economy and its different industries. Indeed, the DJIA is one of the oldest and most widely recognized stock market indices. Moreover, the investment grade companies in the DJIA are among the most liquid based on CDS volume traded. We find that the systemic influences of a small number of financial firms drive a large fraction of the cross-sectional demand for CDS securities, even if their credit spreads are not necessarily among the highest. Perhaps surprisingly, the demands which are most sensitive to systemic influences are for CDSs referencing industrial, as opposed to financial, firms.
These industrial firms have large financial subsidiaries and their businesses are capital intensive, hence they are highly dependent on broad financial market conditions. Our analysis indicates that systemic influences should be considered when monitoring mixed equitycredit portfolios. The investor needs to rebalance frequently his entire portfolio when there are changes in credit quality of systemically influential companies. Moreover, after identifying which positions are more sensitive to systemic influences, he would need to take suitable precautionary measures to deal with high loading/unloading of CDS positions.
The rest of the paper is organized as follows. Section 2 introduces the portfolio securities. Section 3 formulates the dynamic portfolio selection problem. Section 4 gives the explicit expression for the optimal strategy and analyze systemic influences. Section 5 performs an empirical analysis. Section 6 concludes the paper. Proofs of all technical results are delegated to an e-companion to this paper.
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We consider a model of a financial market consisting of a risk-free money market account, M stocks and M credit default swaps (CDS) referencing the same companies as the stocks. The interest rate r ≥ 0 is assumed to be constant. Throughout the paper, we fix a probability space where P denotes the subjective probability measure of the investor, reflecting his own views on market and credit risk of the economy. Section 2.1 describes the stock price process. Section 2.2 introduces the CDS price process.
Defaultable Stock Prices
The price at time t of the stock of company i is denoted by S i (t). In the classical Black-Scholes model, the dynamics of S i (t) is modeled using a geometric Brownian motion dS
with price S i (0) > 0 at time 0. The coefficients µ i ∈ R and σ i > 0 are the instantaneous drift and volatility, respectively, and W i (t) is a Brownian motion. By contrast, our model accounts for the possibility that the company defaults with an intensity h i (t, S(t), F(t)), depending on the whole vector S(t) = (S 1 (t), . . . , S M (t)) of stock prices and on additional factors F(t), possibly correlated to S(t). For example, such factors can be balance sheet data of companies or macroeconomic indicators, chosen to guarantee a reasonably good fit of the default model to data. We refer to Section 5 for the empirical details. We use h i (t, S(t), F(t)) to denote the investor's subjective default intensity of the i-th company, i.e., reflecting his own perception about the credit quality of the i-th company.
Denoting by H i (t) the default indicator process of the i-th company (it is zero before the default time τ i , and jumps to 1 at the default time τ i ), the probability that company i defaults over an infinitesimal
For a d-dimensional Brownian motion W(t) and Σ i ∈ R d , the price dynamics of the i-th stock, adjusted for the possibility of default occurrence, is then given by
i.e., the instantaneous default probability h i (t, S(t), F(t)) dt is subtracted from dH i (t) so that dH i (t) − h i (t, S(t), F(t)) dt is constant on average (its integral is a martingale), and hence the instantaneous drift of the stock price is still µ i as in the Black-Scholes model. Conditional on a path of the stock prices,
is a Poisson process with intensity h i (t, S(t), F(t)) up to the first jump time, independent of the other H j (t), j = i, and the Brownian motion W(t).
The default intensity of a firm may change because there is a change in (1) its own stock price, (2) the stock price of another company, or (3) the additional factors. Our model also has a sound mathematical foundation. We give further details in the e-companion to this paper, where we also formally prove the mathematical existence of the stock price dynamics given in (2.1) via Lemma A.1 under mild assumptions on the default intensities.
For future purposes, we define the volatility matrix Σ as the (M × d)-dimensional matrix with rows
. . , M , and assume that ΣΣ is invertible, where Σ is the transpose of the matrix Σ. This assumption is equivalent to the condition that Σ has rank M , and indicates that even in the absence of default risk, the price process of one stock cannot be replicated using the other stocks in the portfolio.
Remark 2.1. Consider the case where the number of risk factors is d = M + 1, and
for all i. Under such a specification, the Brownian driver of each stock can be split into a systematic risk component W M +1 (t) and an idiosyncratic risk component W i (t).
Hence, our multidimensional stock market model includes two underlying sources of risk dependencies.
The first, via market risk, is captured by the volatility matrix Σ. The second, via systemic risk, is captured by the default intensity process h i (t, S(t), F(t)).
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CDS Prices
We denote by C i (t) the price of the i-th stylized CDS at time t (with a continuously paid premium), seen from the point of view of the protection buyer. The maturity of the i-th CDS is denoted by T i . We assume that all CDS contracts on the same name i have the same maturity T i , possibly different from the maturity T j of CDS contracts on name j = i. In reality, an investor can hold CDSs of different maturities on the same name at any point in time. The single maturity assumption per name allows us to reduce the complexity of the portfolio selection problem, but still gives a rich universe of securities for which we can analyze the impact of systemic dependencies on portfolio allocations. If the default of the i-th name happens at τ i < T i , the protection buyer receives a payment equal to the product of the notional and the loss rate L i from the protection seller. As is standard in the literature (see, for instance, Berndt et al. (2005) and Giesecke et al. (2014) ), the loss rate is assumed to be the same, both in the views of the market and of the individual investor, hence there will be no premium for recovery risk. The protection buyer pays the spread premium ν i to the protection seller for this coverage until the earlier of default time or maturity. Therefore, the cumulative dividend process of the unit notional i-th CDS received by the protection buyer is given by
where L i H i (t) is the payment at default time and ν i t 0 (1−H i (s)) ds is the cumulative payment before the occurrence of default. As for any traded derivative, the CDS price is equal to the expected discounted payoff under a risk-neutral probability measure Q. Here, it is important to distinguish Q from the subjective probability measure P of the investor. Since CDS prices are determined by the market and not by a single investor, the dynamics of all other assets, namely money market account and stocks, are taken into account when pricing the CDS. This results in the choice of a risk-neutral probability measure Q determined by the market. We denote by λ i (t, S(t)) the default intensity of stock i under the risk-neutral probability measure Q. Because Q is different from P, the risk-neutral default intensity λ i (t, S(t)) differs from the subjective default intensity. In particular, the choice of the probability measure P is driven by a judicious selection of factors which have been found to be statistically significant by empirical research. As we will elaborate in Section 5, those include macroeconomic indicators (interest rates) as well as balance sheet variables (distance to default). We use F (t) to denote the factors whose choice is subjective to the individual investor. Correspondingly, h i (t, S(t), F (t)) denotes the default intensity of the i-th stock under the investor's subjective probability measure. The model for the dynamics of the risk-neutral default intensities is an extension of that proposed by Linetsky (2006) to a systemic context, i.e., the default intensity of each company also depends on the market and default risk of others. We will exploit this dependence in the calibration algorithm developed in Section 5, where the subjective default intensity also depends on balance sheet data, while we achieve a good fit for the risk-neutral default intensity using only stock price data. Note that the factors driving the investor's subjective beliefs on default risk do not affect CDS prices, hence it is not necessary to propose a dynamical model for these factors in order to compute CDS prices. Technical conditions on λ i (t, S(t)) which guarantee that the measure Q and its related calculations are mathematically sound are given in the e-companion to this paper. As a consequence of the market's risk-neutral valuation, the price of the i-th CDS is given by
where the Q expectation is conditional on the current state of information given by the vector of stock prices S(t). Notice that conditioning on S(t) is equivalent to considering all current and past information from the stock prices up to time t because all relevant information is reflected in the stock price processes, which are Markovian under the probability measure Q. Because of this Markov property, the right-hand side of (2.3) is a function of t and S(t) only, and we can write C i (t) = Φ i (t, S(t)) for some function Φ i .
The expression Φ i (t, s 1 , . . . , s M ) is the price of the i-th CDS at time t if the stock prices at time t are given by S 1 (t) = s 1 , . . . , S M (t) = s M . We have that Φ i (t, s 1 , . . . , s M ) = 0 if s i = 0, because at the default time the loss rate is paid and the CDS becomes worthless. Note that because of the default intensity specification, the market value of the i-th CDS depends on the prices of all stocks and not only on the i-th stock price.
We say that the i-th CDS is untriggered at t if the credit event of the i-th company has not yet occurred and t ≤ T i . We denote by M(t) ⊆ {1, . . . , M } the set of untriggered CDSs at time t.
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This section formulates the dynamic portfolio selection problem of the investor. We consider a rational investor who wants to maximize his expected utility from terminal wealth at time T by dynamically investing into the money market account, stocks and credit default swaps trading upfront. This reflects regulatory market practice established by the Big Bang protocol ISDA (2009), moving the CDS market towards fixed coupon CDS trading. 3
The investor starts with a positive wealth V (0) at time zero. As usual in optimal investment problems, we denote by π i (t) the proportion of total wealth invested in the i-th stock at time t. The investor can also purchase and sell a CDS written on the same company i. Next, we describe how CDS contracts initiated at different points of time can be treated in our portfolio problem. To fix ideas, we first consider discrete time instants t 1 , . . . , t N at which the investor rebalances his portfolio. We denote by α i (t j , T as they all mature on the same date. In other words, suppose that the investor purchases CDS contracts referencing company i, first at time t j and later at time t . We would then have that the total position in the i-th CDS of the investor at time t is α i (t j , T
We would like to remark here that the U.S. Securities and Exchange Commission (SEC) has taken steps to facilitate central clearing of over-the-counter derivatives so to eliminate counterparty risk. 4 Given the increasing number of centrally cleared single name CDS contracts, ignoring counterparty risk in our analysis would be very close to a realistic setting. 5 entered in the same quarter because these mature on standard quarterly end dates. This means that it is enough to consider an optimization problem over a single quarter so that all contracts mature on the same date (see also Remark 4.3 later, which explains how to deal with different quarters). Consequently, we can denote byψ i (t) the net position in shares of the i-th CDS at time t for a given maturity T i .
For future purposes, we define ψ i (t) =ψ i (t)/V (t) to be the number of shares of the i-th CDS divided by the total wealth. Note, however, that we do not multiply by the CDS price, hence ψ i (t) is not the proportion of wealth invested in the i-th CDS. For CDS investment strategies, we use a slightly different parametrization than for stocks because credit swaps are zero-sum side bets valued at zero when the market price of the premium leg equals the corresponding price of the protection leg. Hence, differently from the stock, the CDS price can be zero even before the credit event has been triggered. Consequently, it is important to know the units and not only the dollar amount invested in the CDS.
The investor does not have intermediate consumption nor capital income to support his purchase of financial assets. Because of this self-financing condition, the position in the money market account is determined as residual from the chosen strategies in stocks and CDSs; see also Bielecki et al. (2008) for details. We use the notation π = (π 1 , . . . , π M ) and ψ = (ψ 1 , . . . , ψ M ) for the vector of stock and CDS investment strategies, respectively, and write V π,ψ (t) to denote the investor's wealth at time t corresponding to a chosen strategy (π, ψ).
Our goal is to find the optimal strategy, which maximizes the expected utility from terminal wealth
over all admissible strategies (π, ψ), where T ∈ (0, min(T 1 , . . . , T M )). We define a strategy to be admissible if it has positive wealth and satisfies certain technical conditions, as given in Definition B.1 of the e-companion to this paper. In (3.1), E denotes the expectation under the subjective probability measure P of the investor. It is worth emphasizing here the key role played by the two probability measures.
While the CDS price process is observed under the risk-neutral probability measure, the investor wishes to optimize his expected utility under the probability measure capturing his perception about risk factors.
As we will see in the next section, the relation between the default intensities under the two probability measures plays a crucial role in determining the optimal investment decisions.
We consider logarithmic utility, i.e., U (v) = log(v). Our choice is driven by three main considerations.
Firstly, logarithmic utility allows exemplifying typical systemic effects arising when the investor is active both on the equity and on the CDS market. Secondly, there is empirical evidence (see Gordon et al. (1972) ) that wealthy investors, such as the highly specialized market players in the CDS market, maximize expected logarithmic utility. Thirdly, under a logarithmic utility function, the value function of the control problem decouples from the optimal investment strategy (this would not be the case if we use a power utility criterion) and leads to tractable representation formulas for systemic risk analysis.
Optimal Investment Strategies
This section analyzes the optimal investment strategies. Section 4.1 gives the explicit expressions. Section 4.2 discusses the mechanisms through which systemic influences affect the optimal allocation decisions.
Section 4.3 gives an example of the contagion effects in the case of a cyclical dependence structure.
Explicit Formula for the Optimal Strategy
The optimal investment strategies have a crucial forward-looking component, given that they depend on a matrix which captures the sensitivities of CDS prices to the total risk of the investment universe. Such a matrix is given by Θ(t, S(t)) = (Θ n,i (t, S(t))) n,i∈M(t) with entries
(4.1)
In the above expression, S (n) (t) equals S(t) except for the n-th component of S (n) (t), which equals zero.
Then Φ i t, S (n) (t) is the price of the i-th CDS when the n-th stock defaults. The partial derivatives terms ∂Φn ∂s i are used only to determine the strategies for positive s i since i ∈ M(t). Indeed, no investment is made in a CDS or stock referencing a defaulted name. We show in the e-companion to this paper that the entry Θ n,i (t, S(t)) may be interpreted as the contribution of the stock S n to the error committed when hedging the compounded payment stream of the i-th CDS. For this reason, we refer to Θ n,i (t, S(t)) as the (n, i)-th hedging error. This means that the matrix Θ(t, S(t)) reflects only residual credit risk, i.e.
remaining after eliminating the market risk component. We make the following mild assumption.
Assumption A. The stochastic matrix Θ(t, S(t)) has full rank.
This can be shown to be equivalent to the uniqueness of the risk-neutral default intensity. In view of this equivalence, the CDS price dynamics are uniquely determined by the market. 6 It can be directly verified that if all default intensities λ n 's are constant, then the matrix Θ(t) is diagonal with strictly positive entries L n − C n (t), hence Assumption A trivially holds.
For the sake of readability, in the rest of the section we omit the argument (t, S(t), F(t)) in h i and (t, S(t)) in λ i and Θ so that h i , λ i and Θ mean h i (t, S(t), F(t)), λ i (t, S(t)) and Θ(t, S(t)), respectively.
We are now ready to give our main result in the following theorem. The main insight behind its proof reported in the e-companion to this paper is to explore the structure of the investor's wealth process and use a suitable reparameterization of the strategies, so to recast the optimizer as the solution of a linear system of equations.
Theorem 4.1. The optimal investment strategy in untriggered CDSs and stocks is given by
3)
The maximal expected utility is given by
By Assumption A, the hedging error matrix Θ defined in (4.1) has full rank, hence its matrix inverse Θ −1 in (4.2) exists. Moreover, we have used the notation (µ n − r + h n − λ n ) n∈M(t) to denote a vector with a number of entries equal to the number of untriggered CDSs. The volatility matrix Σ in (4.2)- Setting x = λn hn , we can see directly that the investor does not gain any utility from investing in the CDS referencing company n if x = 1, i.e., if his perception on the credit quality of company n coincides with the market views. On the contrary, as soon as risk-neutral and subjective default intensities differ, the investor always gains utility given that
> 0. If x < 1, the investor would purchase the CDS as he believes that the market is underpricing the credit risk of company n, while he would sell protection if he believes that the market is overpricing the credit risk of company n (x > 1). The second component quantifies the contribution to expected utility coming from stock investments and has a similar structure as in the classical Merton equity selection problem. The main difference of this second component is that in our model the price of risk includes both market and default risk.
The above discussion is also supported by the following corollary, which gives the sensitivity of the investor's wealth to market and credit risk.
Corollary 4.2. The optimal strategies π(t) and ψ(t) are uniquely determined by
relative wealth sensitivity in W
relative wealth sensitivity in Hn
The above expressions indicate that if the investor's subjective belief on the default risk of the n-th company is higher than the market, his optimal wealth would increase if the n-th company defaults. This is because the investor would choose to go long credit given that, according to his beliefs, the market is underpricing credit risk.
Next, we analyze the dual role played by the stock in the portfolio investment. We discuss this in the 13 absence of systemic effects as this allows us to better explain the qualitative behavior without obscuring it with the complex dependence structure of risk factors. In other words, we consider the case where the default intensity of company n only depends on the price of the n-th stock, i.e., h n (t, S(t)) = h n (t, S n (t)) and the volatility matrix Σ is diagonal with entries σ n for n ∈ M(t). Then Θ becomes diagonal and
Consider the case where the difference between investor's subjective and market risk perceptions on the n-th company is strictly positive, i.e., µn−r+hn−λn σ 2 n + hn−λn λn > 0. Next assume that Θ n,n > 0, i.e., the investor purchases the credit default swap referencing company n. For the following discussion, let us consider the case where the risk-neutral default intensity λ n is a decreasing function of the stock. This means that the default risk of a name becomes higher when the price of the corresponding stock declines, a common assumption made, for example, in Linetsky (2006) . We analyze two distinct cases which can arise based on the sign of the default risk adjusted Merton ratio:
1.
µn−r+hn−λn σ 2 n < 0. In the classical equity portfolio selection problem, the investor would short-sell the stock since the Merton ratio is negative. However, here we must account for the dependence of the CDS price on the market risk of the stock, captured by the term −ψ n (t)S n (t) ∂Φn ∂sn (t, S(t)) in the stock investment strategy given by (4.3). Since an appreciation of the stock price decreases the default intensity and pushes down the CDS price, the partial derivative term is negative. Consequently, the previous term is positive. If it is higher than the absolute value of the Merton ratio, the investor would purchase the stock to hedge against the market risk incurred from the large CDS position. If it is smaller, the market risk accrued from the CDS position is low and the investor would speculate and short sell the stock.
2.
µn−r+hn−λn σ 2 n > 0. If stocks were the only instruments in the portfolio, the proportion of wealth invested in the n-th stock would be equal to the Merton ratio. As mentioned above, when CDSs are included we need to account for the dependence of the CDS price on the market risk of the stock. Since the term −ψ n (t)S n (t) ∂Φn ∂sn (t, S(t)) is positive, the investor would invest an even higher fraction of wealth in the n-th stock. This means that a portion of his stock shares is being used to speculate, and the remaining portion to hedge the market risk accumulated from the CDS position. This implies that we can split the optimization into subproblems with horizon of one quarter and clear the positions at the end of each quarter. In each of these quarters, the maturity of the CDS does not change so that we effectively consider strategies in CDSs with fixed maturity in the optimization problem.
Realistically, when the position is cleared at the end of each quarter, the investor would need to enter into an offsetting position and thus incur transaction costs. We ignore these costs in the present study, which is primarily focused on the impact of systemic influences on optimal trading strategies.
The Systemic Influences on Credit Swap Strategies
This section analyzes the structure of the explicit representation for the CDS investment strategy given in Theorem 4.1. We show that two mechanisms interact to shape the optimal CDS strategy: amplification and transmission of market risk premia. To explain it, we first rewrite the optimal CDS strategy as
where Λ = diag(λ n ) n∈M(t) is the diagonal matrix whose entries are the risk-neutral default intensities λ n for n ∈ M(t). We also recall that the hedging error matrix Θ has been defined in (4.1). There are two sources of risk premia: the premium for default timing risk h n − λ n and the equity risk premium µ n − r.
Each of these sources is subject to an amplification. The amplification factor of the premium for default timing risk is ΣΣ −1 + Λ −1 , i.e., related to the sum of the inverse of market risk (captured by the covariance ΣΣ of stock returns) and of the inverse of default risk (captured by λ n ). For the equity risk premium, the size of the amplification is inversely related to the market risk. We can further decompose the first part of (4.5) as
, where we define 6) with the vectors κ (n) given by
Expression (4.6) allows us to see the impact of systemic influences on the optimal CDS strategies. First, notice that the j-th component of ψ (n) gives the impact of the premium for default timing risk of company n on the investment strategy in the j-th CDS, j = n. Hence, we call the j-th component of n =j ψ (n) the systemic influence on the investment strategy in the j-th CDS because it gives the total impact, contributed by the premia for default timing risk of all portfolio names except for the j-th company, on the investment strategy in the j-th CDS. Next, we illustrate the transmission mechanism through which a change in premia for default timing risk of the portfolio entities affects the strategy in the j-th CDS. To this purpose, we first develop a decomposition of the matrix Θ −1 . Define the diagonal matrix Π whose n-th entry is given by Π n,n (t) = L n − C n (t) + ∂Φn ∂sn (t, S(t))S n (t). Then, the following asymptotic formula holds
provided that all eigenvalues of I − ΘΠ −1 are strictly less than one in modulus. We refer to such a matrix as the contagion matrix. Combining (4.6) with (4.7), we have
round 0 of systemic influence
round 1 of systemic influence
Assume that the investor has chosen the optimal strategy and there is now a change in the default premium of company n. This affects the investor's optimal level of credit risk exposure in the n-th company, which results primarily in a change in the n-th CDS position, and secondarily, in a further adjustment in the stock positions because of the dependence of the n-th CDS price on the corresponding stock and the correlation between the stocks. Because this mechanism is driven only by market risk correlation and not default dependencies, we refer to it as round 0 in (4.8). However, the adjusted position in the n-th CDS also changes the credit risk exposure in all other companies due to the systemic dependencies. As a consequence, the investor adjusts his positions in all other CDS to take the updated n-th CDS position into account (round 1 of systemic influences). A further consequence of these adjustments is an additional adjustment in all CDS positions, which results in round 2 of systemic influences, and goes on in rounds 3, 4, . . . , resulting in smaller and smaller adjustments corresponding to consecutive powers of the contagion matrix I − ΘΠ −1 . The aggregate outcomes of the procedure are the new optimal CDS strategies.
How fast this iterative procedure leads to the new optimal strategies depends on the contagion matrix I − ΘΠ −1 . If Θ is the diagonal matrix Π, then I − ΘΠ −1 is a zero matrix and the adjustment is instantaneous (round 0 only). On the other hand, if Θ has large off-diagonal entries so that the contagion matrix has eigenvalues close to one in modulus, the transmission effect is strong because the investment strategy in the j-th CDS is highly sensitive to market and default risk of other stocks in the portfolio. In this case, several rounds of adjustments are needed to closely approximate the new optimal strategy.
Using the decomposition formula (4.7), we may also rewrite the second term in (4.5) as
source , which can be decomposed in an analogous way to the first term in (4.5) if we define the vectorsκ (n) bỹ
The above expressions indicate that a change in the equity risk premium leads the investor to optimally rebalance the portfolio, which can be achieved by using an iterative procedure similar to that described above. However, the amplification factor for the equity risk premium only depends on the market risk of the investment universe. In contrast, either a low market risk or a low default risk leads to a large amplification of the premium for default timing risk.
Example
We have seen in the previous section that consecutive powers of the contagion matrix I − ΘΠ −1 are associated with subsequent rounds of transmission of systemic influences. This section illustrates the structure of these matrices in the case of a cyclical dependence structure. In networks with higher interconnectedness there would be stronger systemic influences through multiple channels of credit and market risk dependencies. Concretely, for i = 1, . . . , M , we consider the default intensity specification
This means that the default of company n has a direct impact on the default intensity of its neighboring company n−1 if n = 1. The cycle is closed with the impact on the default intensity of company M caused by the default of company 1. This is a special case of the looping default model analyzed by Jarrow and Yu (2001) in the context of pricing, see also Yu (2005) for the construction of default times admitting interacting intensities. Under this specification, the matrix Θ defined in (4.1) takes the bi-diagonal form,
where the non-zero entries are given by Θ n,n , 1 ≤ n ≤ M , Θ n+1,n , 1 ≤ n ≤ M − 1, and Θ 1,M . A direct computation shows that
The off-diagonal entries of the above matrix are ratios of hedging errors. The spectral radius of this matrix is given by
For the spectral radius to be smaller than unity, we need at least one hedging error ratio to be sufficiently small. This means that the propagation effects along the chain must be attenuated by at least one company in the portfolio. When this is not the case, we expect the first round of transmission of risk premia to have a strong impact on the optimal CDS strategies.
When the expression in (4.7) has a nonzero term only for k = 0, we have that Θ −1 = Π −1 , and hence the optimal strategies are only impacted by idiosyncratic effects, i.e., the optimal strategy in the n-th CDS is only influenced by the stock price of the n-th company.
The terms corresponding to indices k ≥ 1 in the expansion (4.7) reflect the impact of subsequent rounds of systemic influence. More specifically, after one round we have the effects of direct contagion measured by the matrix (4.9). This indicates that, for each company, the optimal investment strategy in the CDS referencing it is adjusted to reflect influences of stock price changes of neighboring companies.
We illustrate this behavior in the left panel of Figure 1 . The impact of the second round of systemic influence is quantified by the matrix
and captures second-order contagion effects, i.e., the influence on the investment strategy in the j-th CDS due to residual default risk transmitted to node j through its neighbor j − 1, who has itself been influenced by its own neighbor j − 2 in the previous round.
Iterating this procedure, we obtain that after M − 1 rounds the CDS strategy in any company is affected by the risk premia of all other companies. As described in the previous section, this procedure results in smaller and smaller adjustments and the aggregate outcome of the corresponding rebalancing process gives the new optimal strategy. The above matrix structure also indicates that if the transmission power, as measured by the ratio of hedging errors, of a node along the chain of systemic propagations is small, then the overall transmission of systemic influences on the optimal strategies is attenuated.
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We develop an empirical analysis based on stock and CDS data of companies listed in the Dow Jones Industrial Average 30 (DJIA) as of December 31, 2007. For each company, we extract the full term structure of CDS spreads and recovery rates from Markit. We take the historical time series of its stock price from the CRSP database and adjust for corporate actions happened during the period (splits, dividends, etc.). We obtain short-term, long-term debt, and number of common outstanding shares of each firm from quarterly Compustat files. We estimate stock drifts and volatilities from an out-of-sample two-year period 2006-2007. We use the correlation model for market risk factors given in Remark 2.1, and set the exposure of each company to the systematic risk factor to ρ = 0.3372. Driessen et al. (2013) find that the average realized equity return correlation for the DJIA, computed over the period [2002] [2003] [2004] [2005] [2006] [2007] using an estimation window of 91 calendar days, is 0.3372 (see Table 6 therein).
Our investor assumes the subjective default intensity of company n at time t to depend on four main covariates: (1) w n 1 (t): the firm's distance to default, (2) w n 2 (t): the firm's trailing one-year stock return, (3) w 3 (t): the three-month Treasury bill rate, and (4) w 4 (t): the trailing one-year return on the DJIA. Duffie et al. (2009) find that such a model underestimates empirical default correlations. Moreover, they
show that when an additional channel of correlation through frailties is added, the model provides a good fit to empirically observed sample default correlations. We have verified that the inclusion of frailties in our model only changes the size, but not the proportions, of systemic risk contributors. Since the latter is the key focus of our analysis, we opt for a simpler mode without dependence on different frailty paths. 7
We follow Duffie et al. (2007) and consider the following model for the default intensity of firm n:
K+β 1 w n 1 +β 2 w n 2 +β 3 w 3 +β 4 w 4 .
Notice that balance sheet and interest rates variables can be incorporated into the factor F(t) so that the model is consistent with the theoretical specification given in Section 2.
Remark 5.1. We use the methodology proposed by Vassalou and Xing (2002) , see also Duffie et al. (2007) to estimate the distance to default. For each firm, we estimate short-term debt as the larger of the taken from the Compustat item Long-Term Debt. 8 The distance to default DF t is defined as
where V t is the market value of the firm's asset at t, and L t is the default point estimated following the standard established by Moody's KMV, see Crosbie and Bohn (2002) , and given by the short term debt plus one half of the long term debt at t. The time horizon T is chosen to be four quarters as in Duffie et al. (2007) . We estimate V t = L t + E t , where E t is obtained by multiplying the price of the stock at time t by the Compustat item "Number of Common Shares Outstanding". Moreover, µ A and σ A are respectively the drift and the volatility of the asset value process. We estimate them using an out-of-sample two-year period 2006-2007 of asset values constructed as detailed above.
We use the maximum likelihood estimates reported in Table III and given that we do not expect major differences if we included additional three years in the calibration window (i.e., if it went from 1979 to 2007), these estimates are satisfying for the systemic risk analysis conducted in this paper.
When an investment decision is made at t, the investor computes the quantities w n i 's using stock prices at time t, balance sheet information released in the quarter immediately preceding time t (for example, if t is April 20, balance sheet data from March 31 is used), and interest rates at t.
The rest of the section is organized as follows. Section 5.1 gives the calibration algorithm for our default intensity model under the risk-neutral measure. We discuss experimental results obtained from the calibrated portfolio model in Section 5.2.
A New Calibration Algorithm for the Systemic Risk Model
This section describes a novel algorithm for calibrating the risk-neutral default intensities taking systemic effects into consideration. We first specify the parametric model for the risk-neutral default intensity λ n (t, S(t)). We choose the following parsimonious specification, which is able to capture empirically observed features of defaults while allowing for an efficient calibration:
where α n , β n and γ n are constants, and #{j : S j (t) = 0} is the number of companies that have defaulted by time t. The idiosyncratic component β n /S n (t) relates the default intensity of company n to the inverse of its stock price (the lower the stock price, the higher its default intensity). In the context of single name equity-credit joint valuation, a similar modeling choice has been adopted by Linetsky (2006) who chose a default intensity specification λ n (t, S(t)) = γ(S n (t)) −p for constants γ, p > 0. It also has been used for pricing convertible bonds, see for instance Duffie and Singleton (2001) , Chapter 9.3 therein, where p is set to one as in our case. The systemic component γ n #{j : S j (t) = 0} captures feedback effects from defaults. The default intensity of company n increases by the factor γ n if another company j defaults.
We estimate the parameters α n , β n and γ n by calculating CDS prices implied by our default intensity specification and matching them to empirically observed data for 1-, 5-, 7-and 10-year maturities. The model implied CDS prices are computed by numerically simulating future paths of stock prices under the risk-neutral probability measure. We choose 1-, 5-, 7-and 10-year maturities for two main reasons.
Firstly, CDSs with these maturities are the most liquid. Secondly, CDSs with longer maturities contain more information on the long-term credit risk, which is helpful for a good parameter estimation. In fact, Figure 2 indicates that our calibration procedure leads to low errors across all maturities. The optimal parameters α n , β n and γ n are those minimizing the sum of the squared errors between model implied prices and observed data. Notice that a direct estimation is computationally intractable because one would need to solve a coupled minimization problem over ninety variables (α n , β n and γ n for each of the 30 companies). Hence, we propose a more suitable approach where calibration is performed via a sequence of iterative steps, as described next:
• Step 1. We assume the absence of systemic risk (all γ n 's are zero) and estimate α n and β n .
This leads to solving thirty separate optimization problems over two variables each, which are computationally tractable. We simulate stock prices on a discrete time grid, using an Euler scheme.
While we will elaborate on how to make a suitable choice for the number of sample paths in Remark 5.2 below, a natural choice for the time step is one trading day so that we have a total of 2,520 steps over ten years, with 252 trading days per year. For every time step and stock, we compare independent pseudo-random variables uniformly distributed on (0, 1) with the current value of the default intensity in order to determine the occurrence of default events.
• Step 2. For each n = 1, . . . , 30, we solve an optimization problem over three variables α n , β n and γ n as described next. For j = n, we use the values of α j and β j estimated in the first step, set γ j = 0, and numerically simulate the stock price dynamics of stock j. The simulation of paths is done analogously to the first step. Notice that the stock price of company j, j = n, will affect the default intensity of company n, which in turn impacts the stock price dynamics of company n. We treat α n , β n and γ n as free parameters and choose them so to minimize the squared error between model implied and empirically observed CDS prices.
•
Step K, K ≥ 3. For each n = 1, . . . , 30, we solve an optimization problem over three variables α n , β n and γ n as described next. For j = n, we use the values of α j , β j and γ j estimated in step K − 1 and numerically simulate the stock price dynamics of stock j. The simulation of paths is done analogously to the first step. We then choose α n , β n and γ n so to minimize the squared error between model implied and market prices of CDS.
Each of the above steps is repeated for each of the twenty trading days in the month of December 2007.
We then take the average computed over these trading days as the final estimates for α n , β n and γ n . We do this for each of the thirty companies in the index.
Remark 5.2. The calibration procedure is very computationally intensive, but can be executed on modern personal computers. A procedure to determine a suitable number of paths is first needed to estimate the average time per iteration. Because the above described procedure is applied separately for each of the twenty trading days in December 2007, we can estimate the average time per iteration step based on a few trading days. We do not expect significant differences between close trading days. Using MATLAB 23 on a personal computer with 2.2 GHz dual-core processors (Intel Core i7), we find estimated times of 22 min, 50 min and 69 min per iteration step and trading when considering 1,000, 2,000 and 3,000 sample paths per stock, respectively, while the computing time explodes for higher numbers of paths. Therefore, a suitable number of sample paths for a feasible implementation is 3,000. A further increase would reduce the number of needed iteration steps, but such a reduction would not outweigh the additional computational time. Moreover, the number of needed iteration steps cannot be easily estimated without running the full calibration and depends on the chosen calibration period.
In order to reduce the number of steps needed to achieve a specified tolerance level for the approximation error, one might think of making the number of paths depending on the specific firm: more paths for firms with high default risk and fewer paths for others. However, note that for firms with low default risk, the algorithm converges faster automatically so that the additional steps require only little time. The reason is that in each step, we use as starting values the optimizers from the previous step. If the firm has low risk, the optimizers from the previous step will be close to the new optimizers so that each additional step will only take little time in the case of such a firm.
The above calibration procedure consists of a series of refinements to the systemic risk model, starting from the absence of systemic risk and stopping when the difference between the parameter values of two subsequent iteration steps is small enough. We choose 0.01 as the tolerance level for the sum of absolute differences in all parameters. Notice that a tolerance level for the sum is stronger than the same tolerance level for the maximum, given that we are considering here absolute differences. For completeness, we report both maxima and sums in Table 1 , which shows the differences in parameter step 2 step 3 step 4 step 5 step 6 step 7 step 8 step 9 step 10 vs. step 1 vs. step 2 vs. step 3 vs. step 4 vs. step 5 vs. step 6 vs. step 7 vs. step 8 vs. Table 1 : We first take the maximum or the sum, over all companies, of the absolute differences in parameter estimates from two consecutive steps of the calibration procedure, for each trading day in December 2007. We then take the average over these trading days. We report these values in the upper (lower) part of the table for the maximum (sum). 24
estimates from two consecutive steps of this procedure. These differences decrease fast, hence suggesting that the calibration procedure is converging quickly and providing a good fit to observed CDS and stock prices data. Since our tolerance level is achieved at step 10, we take the parameters estimates from the tenth step of the procedure. These are displayed in Table 2 . For most of the companies, the idiosyncratic and systemic components of the default intensity are statistically significant, suggesting that model is able to capture systemic dependencies. Figure 2 reports the empirical distributions of pricing errors across Table 2 : Parameter estimates from the fifth step of the calibration procedure. The asterisks * , * * and * * * indicate statistical significance at 5 %, 1 % and 0.1 % levels of the estimations compared to one-sided hypotheses of having zero values, using an appropriately scaled asymptotic normal distribution. The data is from different trading days over which the calibration is run. This indicates that the estimated model does not exhibit significant systematic pricing biases.
Empirical Results
We use the model calibrated using the algorithm described in the previous section, and analyze the optimal investment strategies on CDSs and equity. We consider CDSs with five-year maturity given that these are the most actively traded and liquid instruments.
Our main goal is to quantify the impact of systemic influences and their evolution over time based on the analysis done in Section 4. We find that companies having high systemic influences on others are not necessarily those which are highly sensitive to systemic influences of others. This can be understood by looking at the bars in the top panel of Figure 3 . For each company j, the bar can be split into 29 terms contributing to the aggregate systemic influence n =j ψ (n) on the CDS strategy referencing the j-th company. 9 Here, we report the contribution (in absolute values) of the five most significant terms.
These correspond to the companies C (Citigroup), AIG, GM (General Motors Company), MO (Altria Group), and AA (Alcoa). The largest contribution comes from C followed by AIG, whereas the influences of the other four are smaller. While the two companies with the biggest systemic influences belong to the financial sector, the most affected by these influences are GM, AIG, AA and GE (General Electric), whereof three of the four are non-financial companies. This can be explained as follows. Firstly, GM and AIG experienced financial distress in 2008. In the case of GM, it was largely caused by its financial services division GMAC which was bailed out by the U.S. Government. Secondly, the car manufacturing and aluminium businesses of GM and AA are very cyclical and capital intensive, hence depending on the broad financial markets conditions. Thirdly, GE has a big financial division called GE Capital, which focuses on loans and leases, making it more vulnerable to systemic influences. If we consider CDS premia as of December 30, 2008, we observe that GM has the highest 5-year CDS spread (0.955), followed by AIG (0.053) and Citigroup (0.019). Despite the relatively low credit spreads, Citigroup is systemically very influential. This is because in our model, the investor's subjective belief of default intensity of Citigroup is higher than what is perceived by the market. As a consequence, the investor purchases high volumes of credit protection on Citigroup, and adjusts his investment strategy in the CDSs referencing other companies because of the dependence structure of risk factors. To analyze systemic influences in more detail, we focus on the three systemically most affected companies, namely AA, AIG and GM and use the decomposition formula given in (4.8). While the sizes of their sensitivities to systemic influences are quite different, the middle panels of Figure 3 show that the qualitative behavior is similar for the three companies. 10 However, a change in the default risk premium of AIG leads to mainly direct adjustments in the CDS strategies in AA and GM, resulting from market risk correlation (round 0 in (4.8)). By contrast, several rounds of adjustments are needed if there is a change in the default risk premium of Citigroup.
Although portfolio strategies may change on a daily basis, the companies with the highest systemic influences (Citigroup, AIG and GM) are persistent over time, as shown in the bottom panels of Figure 3 .
Therein, as expected, we can also see that systemic influences were high in the fourth quarter of 2008, and negligible earlier in the year when the market was relatively more stable.
The investor is most active on the CDS market during the distressed last quarter The optimal CDS investment strategies are computed using our calibrated model and the explicit expression given in Theorem 4.2. The jumps are due to changes in the subjective default intensities, as a result of quarterly updated balance sheet data. The investor's position in CDSs is highly subject to systemic influences which increase dramatically in the third and fourth quarter of 2008.
can be partly explained by the fact that AIG faced a liquidity crisis in late 2008 leading to the largest government bailout of a private company in U.S. history, while Citigroup suffered huge losses and was rescued in November 2008 via a massive stimulus package by the U.S. Government. Figure 4 also indicates how the portfolio changes from the end of a quarter to the beginning of the next quarter. These changes correspond to the jumps in the optimal investment strategies. We remark that when the investment strategy switches from a short to a long position, this is economically equivalent to clearing the position at quarter's end and taking a long position at the beginning of the new quarter.
Our analysis provides useful guidance for risk monitoring of mixed equity-credit portfolios. The investor can identify which companies should be subject to active monitoring using the systemic risk analysis developed in Section 4. This in turn has important risk management implications. The investor will need to rebalance frequently his entire portfolio when there are changes in credit quality of companies with high systemic influence. By exploiting our provided decomposition formulas, he will also be able to discriminate which positions are more sensitive to systemic influences and hence implement suitable precautionary measures. On the contrary, he will only need to adjust few portfolio positions when there are changes in credit quality of companies which are not systemically influent.
Conclusion
We have developed an equity-credit portfolio optimization framework taking into account the full interaction of market and credit risk, with special focus on the systemic dependencies. Despite the intricate interrelations of risk factors, we have provided explicit expressions for the optimal investment strategies in stocks and CDSs. We have analyzed the impact of systemic influences on the optimal strategies and presented a case study which illustrates precisely how subsequent rounds of systemic propagations contribute to optimal investment decisions. We have provided an iterative calibration procedure which progressively refines the systemic component of our model to incorporate information conveyed by historical time series of equity and CDS data. We have used the calibrated model to compute the optimal investment strategies during the year 2008. Our analysis reveals the presence of a small number of (mostly financial) companies with high systemic influences, as well as of a different set of companies which are highly sensitive to systemic influences. These findings indicate that systemic risk should be an integral 29 component of portfolio monitoring, considering that significant loading/unloading of portfolio positions may be triggered by changes in the credit quality of systemically influential companies.
